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Abstract. For a typical triatomic linear molecule with different atomic masses we find a
unitary operator which is closely related to squeezing transformations caused by frequency
jumps. The coordinate representation of the unitary operator is identified, which provides
an alternative approach for calculating the wavefunction of the internal motion of the
molecule. We also show that the unitary operator is equivalent (o a two-mode squeezing-
rotating combination operator multiplied from the right by two single-mode squeezing
operators, Our discussion is mainly based on the technique of integration within an ordered
product (1woP) of operators.

1. Introduction

Recently much attention has been paid to squeezed states of photons and harmonic
oscillators [1, 2]. Formally, these states are generated from coherent states by appropri-
ate squeeze operators. An approach for obtaining the normally ordered form of squeeze
operators, which uvses the technique of integration within an ordered product {1wop)
of operators, is presented in [3,4]. An explicit interpretation of the squeezing as a
symplectic transformation in coordinate or momentum variables is an interesting result
of this approach. The general symplectic transformation for SF(4) has been studied
by Moshinsky [5] and the fact that the two-mode squeezing operator belongs to the
SP(4) generators pointed out by Milburn [6]. In this work we show that squeezing
mechanism exists in solving the wavefunction of a triatomic linear molecule. A well
defined unitary operator U, which includes both squeezing and rotating transformations
and can directly lead us to obtain the wavefunction, can be found in terms of the iwop
technique. Let us briefly review the way of dealing with the molecule’s dynamics in
[7] where bending vibrations are not taken into account. The Hamiltonian is given by
_ K218 k e e

H—_?_ E};{\;E"‘E[(%“-ﬁ“ V+(x;—x,—d)] {1)
where 4 is the distance between two adjacent atoms. Using the coordinates transfor-
mation

E=(x—x)—d n=(x3—X)—d (2a)

1
=_Jw—,'(m1x2+ m2x2+ m3x3) M=m1+ m2+ ms (Zb)
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and consequently,

b _md 3 b _md 3 3 b Mo 9 (3)
ax, MaX 8¢ dx, M 3X 3¢ any ax; M3X oy
The Hamiltonian is put into the separable form H = Hey,+ H;, where
P .
Hau=gpy  Pu=r-itzg
A S S S Y -
Hi= = a5 T (811 (4)
2u, 38 2[-52 an’ myofam 2
_ i, _ M2y
#‘l—ml'l'mz pz‘—m3+m3.

The motion of the centre-of-mass is thus separated off. Writing

9 ]
i —— —ih—=P
1ﬁa§ P, i P

so [, P,]1=[£ P;]=i#, and introducing the two-mode annihilation operators (a;, a,
by

k . P
"f"ﬁ[( :) g*%mﬁ%ﬂ“J

(5
3] vl
VZi\ & (kp, h2)V4
we can express H; as (let @, = \/W , 03 =vVEk] 2
H, Fi’—#: P2+2L Pi+= (g + nz)—miz PP,
.1 pon 1
=w1h(a§a§+§)+w2ﬁ(a,,a,]+§)~—-n72 P.P,. (6)
After performing the rotation [7]
Ef=fcosa+nsine n'=—¢sina+ycosa (N
where o satisfigs the condition
(m3'—m{") sin 2e =2m3 " cos 2a. (8)
H; is diagonalized as
2 2 2
Hy= —-ﬁ; (G5 me) *5 e 0
= Pirtas Pt (€0
2B 2
where
A7 =pui" cos* a+ puy ' sin® @ —m; ' sin 2a o)

B7'= ]t sin® o+ p3' cos® o+ m3' sin 2a.
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By introducing the corresponding creation and annihilation operators

L [{kA\, . P
w5 (¥) g

a _i[(_‘q.’f)l/d ’+_.i'P—"7’_.i|
"SR I\w) T (Bran)”

we rewrite H, as
H,=wsh(ala.+3) +oshlala, +1) (wa=VEk]A, wg=vk]B) (11)

whose eigenvector is |n;, 1o = (m,11,1)"2a}a ™00y, where |00)' is annihilated by
o and a,. Based on the above review, in section 2 we identify U/ with a (£, n) coordinate
representation, and then decompose U as a product of a two-mode rotating-squeezing
combination operator and two single-mode squeezing operators. They can both be put
into normally ordered forms by virtue of the 1wop technique. With these forms in
hand, in section 3 we prove the correctness of the identification of U, which means
that U can transform the eigenstate |n,n,) of ala, +a}a, to |n,, ny), and includes both
squeezing and rotating transformation. In section 4 we show that U’s coordinate
representation conveniently leads us to derive the wavefunction of the molecule.

(10)

2. The identification and analysis of U

We begin by postulating the following { £, n) coordinate representation of the required

operator U
18 p oo
v=(5)" [ aeanelDAN 1(5))m10m=00
_((M/A)mcos“ ‘(#z/B)‘“sin"‘) detu‘(ﬂ.fﬁa)1/4 "
A\ (/A tsina (po/ B4 cos a "\ AB

where the factor (u,u,/AB)Y* anticipates the normalization required to make U
unitary, as will be seen later, and |£, 5} is the coordinate eigenstate which in the Fock
space spanned by |n,, n} is given by

1/4 2 1
|§>=(”;—;") exp[‘%? £+ %faz-ga?]lmﬁwm (13)

i/4
Mot Jhalo zuu'lw 1
=(52) o e 2oLt 0= e e

The subscript w;e; {i=1, 2) is to emphasize the u;w; dependence of the state vectors.
To check whether U is upitary, using (12) we calculate

o= (55) [ ssan ()]

=J_ dnlf){fl_[- dyiny{nl=1 (15)

because the Jacobian for the transformation of integration variables is just
(p102/ AB)Y%, In terms of the normal product form of the vacuum projection operator

100)(00] = [0)10),, ,{01.(0| = :exp[~aza; ~ aya,: (16)

'
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where : : denotes the normal ordering, and with rwop one is able to directly perform
the integration in (12}. However, a quite lengthy calculation would be needed. To
avoid this and to analyse the U transformation more physically and clearly, according
to the matrix decomposition of u

B _f{cosa —sina _ (/AP 0 )
u=us va(sina cosa) s—( 0 (o BYV? {17)

wl@O
o) [l e se(2)" onl(5) e

Here V is a two-mode rotating-squeezing combination operator, as will be explained
later, while S; and S. are two single-mode squeezing operators [3, 8]. Using 1worp we
perform the integrations in (18) to obtain normally ordered forms of V and §,S,,
respectively,

S, =exp[~}4a;* tanh A] :exp[(sech A — 1)aja,] :explias tanh A] sech 1A

we decompose U as

[s.=]
U=VS,S, v=” d¢ dn

—co

VA=V {19
tanh1\=\7._—_;-‘/—_.
8= exp[~3a} tanh o] :exp[(sech o — 1)ala,] :exp[La? tanh o] sech'/ %o
VB-Viz (20)

tanh o =—“m

V= J-j df dn|é cos @~y sin ay, ,, |£ sin @ + 7 cos &) sz M g L€

,v' W ol
=———-—-—.'“"ﬂ;f2w2 . d¢dn :exp{»——‘uzl:;l (£ cos @ — 5 sin a)?
24kt
+4 /22 * (£ cos @ —x sin a)a}

h

1 . oy 2 + let a?
P kel Sl Y PR \f -z
2% T £ £ ga;— a;

1
—"-"L—(thln a+ 7 cos a)z—ia

2h
2
+ j;—w%(fsina+ncosa)af,—% 2

+1f2—”;£-%na,,—%af,—a;a,,}:
_%BXP{ZL[SIH a\/_lz(a )+251n2 %a*aﬁ]}
:exp{(aza’;)(f—ﬂ)( )}

1 2og My T o vf——\/!Ti ]}
xexp{u [sm am( as)—2sin 2 Waga,, (21)
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where
_z( 2cosa ~sin (Vg + @)/[(nluz)‘f"])
7= T \sin e+ V) [(papa) "1 2 cos a

(22)
pt s

1 0
L=2cos’ a+sin® a——5+2 1]=( )
(p1p2) ' 01

3. The correctness of the identification of U/

We will now prove what we mentioned in the introduction. Using the operator
identity [9]

a a
:exp{(a’ga;)(f—ﬂ)( ‘5)}: =exp [(a'éa;) lnf( ‘f)] =W (23)
a, a,
we obtain (note that W is not unitary, but V is)
Wa, W' =% (f ua Wai W' =% aifu Lk=(£orn). (24)
k k
It then follows from equations (21) and (24) that¥
Vi Vs Vi, =V
Va. V' =cos @ a, +sin @ ———2 g_+sin a ———— g (25
: : 2y )¢ 2yt )
VitV Vit =V o
Va .V '=cos a a, —sin a ———2 g, +sin a—————— a 26
K 7 2('“1‘“‘2)1/4 & 2(”1#‘2)1/4 £ ( )

which exhibits both rotating and squeezing transformation, as

Ve tVia)  Vu—ve)
A pa o Ay ptn

Hence we call V the two-mode rotating-squeezing combination operator. On the other
hand,

$,a.S7" = a, cosh A+ aj sinh A 5,a,55' = a, cosh o+ al, sinh o. (27

=1.

Combining (18) and (25-27) together we obtain
4 \/K+~/ﬁ:+a.r\/ﬁ-~/E)
¢ 2(#114)1/4 ¢ 2(1’-‘»114)”4
QYA ﬂ—@)
"2AuaA) T 2z A
, YB+V, aw’F"waz)
" A BY* T 2(u,BY

{ VBVE, VBV
—smm el a; st ag s

2(3!11) Z(Bﬂl)

Ua U™ =cos (

(28)

+sin a(

Ua, U™ =cos a (

(29)

+ At this point it is worth pointing out that the complicated form of V in equation {21} originates from
gy =V IR # Rty =ik, If u, = g, then (21) reduces to the well known pure rotation operator.
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It then follows from (28), (29) and (5) that

1/4
U§U"=(i) {& cos &+ 7 sin &)
31 (30)

o { B\, )
UnU'={—] (ncosa—¢sina)
M2

/4
UpP,U™' = (t‘;) (P, cos &+ P, sin &)
(31)

174
Up,U'= (%) (P, cos a — P sin &)

which tells us that the U transformation includes not onily the rotation but also the
squeezing. The factors (A/ )" and (B/u,)"* are squeezing parameters which origi-
nate from the frequency jump w,- wa, @, wg. Contrasting equation (30) with
equation (7) we realize that the transformation U engendered is more complicated,
since in equatjon (7) no indication of squeezing can be seen. Next we prove that the
right-hand side of (6) equals

k
—U — P =0 U+ U(—P2+ ) 32
(21-02}, 2 7 ) 2p, ¢ § (32)
In fact, in terms of (30) and (31) the right-hand side of (32) is equal to
P2 ( @ )
—= 2 — cos? @ +————sin’ a 1} cos oz-i-——\/ sin oz)
2 NV A WV pa B M2
+;P2(%sln o+ Vw,_B__cos o:)

(e Earoszr B

1( w,;, Wy
W)V w; 23

+= fn (\/Z \/E sm 2a. (33)

Then using (7), (9) and

) PP, sin 2«

(pa—p1)/ papo= (M~ m)/ mym;, w4/ w; = (M:/A)Uz wp/wy= (.“2/3)1"2
we have
wa 2 @p .2 2 .2
+ =— +—
m,mcos o wzmsm @ Acos o Bsm a
1 ] m—ms . 1 1
=-—+sin 2a( L3 gin 200 —— cos Za) =— (34)
I.Ll m1m3 mz ;"‘l
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iz .2 Wg 2 1 A Cl')A B
sin‘ o + cos" o =— \f ——O 35
oV i A @V o B Mz M2 @2 (35)

sin 20:( Da, 05 ) sin 20:(1 1)
@A @B A B
2

2 n 2a) - = (36)
mym; My m;

My —

=sin 2a (cos 2a
Substituting (34)-(36) into (33) we complete the proof. Because the right-hand side
of (32) is just (wall(ata; + U™+ wzU(ala, +3) U™ '1h, we conclude that U indeed

engenders the transformation U|n n)=|n ). A unitary operator for four-coupled
identical oscillators is found in [10].

4. Obtaining the wavefunction by using equation (12)

The coordinate representation of U provides us with a convenient approach to deriving
the wavefunction (£, n[n,n,Y. Using (12) we have

o= scan( (NN o))
R (GG (G I

174
mw1<(ﬁ) (& cos o + 7 sin a ) ny)

1/4 1/8
<( ) (—£&sin o+ n cos a){nz)(#Aﬁ)
142
1/4 1/2 BE 1/4 1 /2
[( ) 27! ] [(?) ﬁz"znlgjl
xeXp[—— (£cos a+xsin a)z—%( —£sin @+ 7 cos Q)Z:]

1/4 1/4
anl[(%c) (écos a+nsin a)] an[(g—’:) (—&sine+1n cos a]
(37)

where H), is the Hermite polynomial, and we have used

1/4
el = (“ “’") (2"‘n13)_1f2exp[—"!2—:t52]Hnl(\/&%f)
i/4
f200 ") How2 M2z
ey = (E22) " mty e exp | 2282 g2 gy, (s )

In summary, we have found the frequency-jump related unitary operator for the
triatomic linear molecule. This U, together with the rwop technique provides a new
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approach to studying the dynamics of this molecule, The extension of this approach,
to study bending vibrations of the molecule or other more complicated molecules, is
expected.
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